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Fig. 6. An annular sector.

The angle of the sector is a=#//, and n;=nl. The function
F,.,(p) is given by (15) and k,,,,, are obtained by solving (17). It
can be seen that this Green’s function is consistent with the
Green’s function for the annular ring in the same way as the
Green’s function for a circular sector is with that of a circle.

Using the Green’s functions given by (8), (14), and (18), the
Green’s function technique of analyzing planar circuits and
microstrip antennas can be extended to circuits incorporating
circular sectors, annular rings and annular sectors. These Green’s
functions are valid both for triplate stripline type circuits and for
open microstrip type circuits.
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Segmentation Method Using Impedance Matrices for
Analysis of Planar Microwave Circuits
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Abstract— Segmentation method for the analysis of two-dimensional
microwave planar circuits is modified by using Z-matrices for the individ-
ual planar segments. The proposed method is compared with the previously
reported method using S-matrices and is shown to be computationally
more efficient.
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I. INTRODUCTION

Two-dimensional microwave planar circuits have been pro-
posed for use in microwave integrated circuits [1]. One of the
methods, for analyzing planar components, involves determina-
tion of Z-matrix of the component using Green’s functions. The
Green’s functions are available for only a few regular shapes.
Analysis of other shapes is normally done by segmenting these
into shapes for which the Green’s functions are known. The
Segmentation Method [2], [3] uses this approach and combines
the S-matrices of the individual components to obtain overall

-S-matrix. A formulation for combining segments to form 2-port

and 4-port circuits is given in [2], [3] and could be extended to
any general n-port network.

In this method a considerable effort is spent in computing
S-matrices for each of the segments. These matrices are then
combined to obtain the overall S-matrix. Considerable reduction
in computational effort can be achieved if Z-matrices of individ-
ual components are combined to give the overall Z-matrix ftom
which the overall network scattering matrix may be determined.
A segmentation method that combines Z-matrices of the seg-
ments is described in this article.

II. SEGMENTATION USING S-MATRICES

In the segmentation method using S-matrices, we proceed as
follows. The S-matrices for the individual segments are put
together as [4]

b S, S.|la
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where @, b, and @,, b, are the normalized wave variables at the
p external and ¢ internal connected ports. The interconnection
constraints are given as

b.=Ta, @
where T is the connection matrix. The overall S-matrix is ob-
tained as

5 =8,;+%(F-5.) lscp' )

The solution of (3) requires inversion of a matrix of order
equal to the number of interconnected ports. Let us consider an
example shown in Fig. 1 to illustrate the total computational
effort needed in the segmentation method. This network is a
planar circuit version of a compensated in-line power divider [5].
Segment B, and C; and C, parts of segment C are quarter-wave
transformers with characteristic impedances equal to Z,/(2'/4)
and (2'/4)Z,, respectively. Segments 4, D, and E are portions of
outgoing transmission lines (characteristic impedance Z,). These
three segments are considered as planar components in order to
take into account any higher order modes that may be excited
by the discontinuities present at the ends of three transformers.
For better accuracy, each external port is divided into six sub-
ports for obtaining the Z-matrix. The six subports are combined
together using ideal six-way power dividers (not shown in the
figure) at each external port [3]. To obtain S-matrices of individ-
ual segments, five complex matrices, three of order 12 and one
cach of order 14 and 20, are to be inverted. The number of
interconnections in the network is now 44 and so a complex
matrix of order 88 has to be inverted to obtain the overall
scattering matrix.
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Fig. 1. A typical planar circuit analyzed by segmentation method.

It has been pointed out by Monaco and Tiberio [6], that with
suitable ordering of rows and columns it is possible to write the
connection matrix in the form

I [ o1 ] @
I 0

where [ is an identity matrix and 0 a null matrix, each of order

¢/2. They have also pointed out that when two segments are

being interconnected, submatrix $.. in (1) can be written in the

block diagonal form as

See= { M ‘1} ©)
0 N

where M and N are ¢/2xc/2 matrices. In such cases (I'— )

becomes of the form

(f—gcc)={——~M I.,]' (6)

g -N
The inversion of (I'—§.,.) in the above form requires inverse of
two matrices of order ¢/2 and thus results in saving of computa-
tional effort [6].

This technique can be extended for interconnection of more
than two segments also if it is possible to write S, in block
diagonal form of (5). This is possible if the network does not
contain any loop with odd number of segments in it. For
example, it is possible to write §_ in block diagonal form for the
circuit shown in Fig. 1. Combination of S-matrices would now
require inversion of two complex matrices of order 44 each.

III. SEGMENTATION USING Z-MATRICES

The computational efficiency of the segmentation method
discussed in Section II can be improved if the Z-matrices of
individual segments are combined to give the overall Z-matrix.

It may be recalled that for lossless networks, Z-matrices are
purely imaginary. Multiplication and inversion of purely imagin-
ary matrices can be carried out with the same computational
effort as required for real matrices. In a general network of
segments, the Z-matrices can be written together as

Z’ ZPP ZP < —P (7)
17,: Zcp ch I_ ¢

where V,, I, and V,, I, are the voltages and currents at the p
external and ¢ internal connected ports. The interconnection
constraints, that the voltages at the two connected ports are
equal and the sum of currents at the two connected ports is zero,
can be expressed as

(8a)

fll?c = (—)
0 (8b)

f2I_c=_

where T'; and T, are two matrices with ¢/2 rows and ¢ columns
describing the topology. In these matrices each row describes a
connection such that all entries in a row are zero except the two
in the columns corresponding to the two connected ports. The
two nonzero entries in a row are 1 and —1 for matrix T, and
both 1 for matrix T,.

A relation between I, and I;, is obtained using (7) and (8a).
This on combining with (8b) becomes

nWz.|. | -0yZ. |-
1 : ecc Ic = rl Zcp Ip (9)
J1; 0

where 0 is a (¢/2)Xp null matrix and the left-hand side of (8b)
has been multiplied by ;j so that the matrix on the left-hand side
of (9) becomes purely imaginary for lossless networks. Substitut-
ing the value of I, obtained from (9) into (7), we get the overall
network impedance matrix as

-1

~ ~

I4 PP pPe

rlzcc f] Zcp
Jt 0
This requires the inversion of a matrix of order equal to the
number of interconnected ports.

The multiple subports at each external port are combined as
follows. It is assumed that only the TEM mode is present in the
uniform transmission line at the location of the external port.
This is a valid assumption if the external ports are taken at a
certain distance away from the planar circuit since any higher
order modes present at the discontinuity at the junction of the
transmission line and the planar circuit would decay along the
uniform transmission line. For considering the external ports at
a distance away from the discontinuities, the intermediate trans-
mission lines are modelled as rectangular planar segments (as
shown in Fig, 1 for the power-divider circuit).

Since only TEM mode is assumed to be present at an external
port, the voltages at the subports of an external port are same.
Thus, one can make use of the parallel connection of subports
which implies that the total current injected in a port gets
divided into its various subports. This combination requires
inversion of the overall Z-matrix to obtain admittance matrix. In
general, if ports 7 and J are divided into subports 7= {i}, i3, -}
and J={j,, j»,- - - }, then the term ¥;; of the overall admittance
matrix is given as

. (10)

Yy=2 X u

kerieJ
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where y,, are the terms of the admittance matrix with multiple



IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-29, NO. 1, JANUARY 1981 73

3
3
5

Fig. 2. A lumped network example for illustrating the proposed method.

subports. The overall scattering matrix may be obtained from
the admittance matrix.

If the external ports are located such that the TEM mode
approximation is not valid, the voltage and current density over
the width of an external port can be expanded in terms of higher
order stripline modes. The higher order stripline modes decay
away from the junction along the transmission line and their
characteristic impedances are reactive. Therefore, these higher
order modes are considered as terminated by these reactive
impedances at the port location itself [7]. However, for purposes
of characterization of the planar circuit, it is convenient that the
external ports be chosen at the locations where only the domi-
nant mode exists, so that the procedure described earlier is
applicable.

For analyzing the circuit shown in Fig. 1 by the method
described above, two real matrices of order 52 and 18 and a
complex matrix of order 3 need be inverted. It is seen that there
is considerable saving in computational effort by using this
method.

Further saving in computational effort can be achieved if the
connected ports are suitably subgrouped and Z-matrix formula-
tion used as follows. The ¢ connected ports are divided into
groups ¢ and r, each containing ¢ /2 ports. This is done in such a
way that ¢, and r, ports are connected together, g, and r, ports
are connected together and so on. This involves reordering of
rows and/or columns for Z,,, Z,,, and Z,, as given in (7). The
Z-matrices can now be written together as

Ve e Zoa Zor || Ip
I7q =1 4ap 49 o || 1, q (12)
I_/; rp rq rr I—’

In this case the interconnections can be expressed in a much
simpler form as

v,= (13a)
I,+L.=0. (13b)
Substituting (13) in (12) and eliminating ¥, V,, I, and I,, the

Z-matrix of the overall network is given by

5 = 5 5 3 5 5 5 \~1
Z,=2,, +(qu _Zpr)(zqq —Zy =2y, +er)

'(er _quj’ (14

The method described above is illustrated by combining two
3-port resistive subnetworks shown in Fig. 2, to yield an overall
2-port network. The impedance matrices of the two subnetworks
are also given in Fig. 2. For combining the subnetworks using
the method described above, the ports of the two subnetworks
are numbered (port numbers encircled) as shown in Fig. 2. The

TABLE 1
ORDERS OF MATRICES TO BE INVERTED IN VARIOUS METHODS OF
SEGMENTATION FOR THE CIRCUIT OF FIG. 1

Method Segmentation using Segmentation using
S-matrices Z-matrices
Without 2020 complex 52X 52 real
subgrouping 3% (12X 12) complex 18 X 18 real
the connected 14X 14 complex 3% 3 complex
ports 88 % 88 complex
With suitable 2020 complex 26 <26 real
subgrouping 3x(12x12) complex 18 x 18 real
of the connected 14 X 14 complex 3 X3 complex
ports 2X(44 X 44) complex
Z-matrices can be written together as

Vl 1 1

V. 4 0'0 313 0 I

L2 0 513 ¢0lo 3i|:2

a0 35 070 3| as)

Vol 1290 5,3 0114

_f/: 3 0,0 3,7 O _fS_

a 0 3:3 0,0 7_16_

and the overall Z-matrix is given by (14), as

5 [4 0 -3 3112 -6]'3 -3
Z=

» [0 5]*[3 —3”—6 12] [—3 3]

[0 sl AL i e

which can be seen to be the Z-matrix of the combination.

The method, using subgrouped interconnections, as given by
(14) and illustrated in the example presented above, requires the
inversion of a matrix of order equal to the number of inter-
connections, i.e., ¢/2. For analyzing the circuit shown in Fig. 1,
we need to invert two real matrices of orders 26 and 18 and a
complex matrix of order 3.

IV. CONCLUDING REMARKS

Orders of matrices that need to be inverted in different meth-
ods are compared in Table 1. It may be noted that segmentation
using Z-matrices with suitably subgrouped interconnections in-
volves significantly smaller amount of computations as com-
pared to the other methods available earlier. Moreover, this
method can be used for any arbitrary topology whereas, as
pointed out in Section II, the method using S-matrices with
subgrouping of connected ports can be used only when the
network does not contain any loop with odd number of seg-
ments in it.
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Correction to “Dispersion Relations for Comb-Type
Slow-Wave Structures”

I. L. VERBITSKII

The following corrections should be made to the original

paper.!

On page 49, “f” in the numerator of (1) should read “5.”

On page 49, column 1, two lines below (1), “det” should read
“ if” (to mean “equality by definition™).

On page 49, column 1, on the left-hand side of (3), “f ™ should
read “—f.” A period should appear at the end of the equation.
On the next line, “with” should read “With.”

On page 49, column 2, five lines below (4b), “low-phase
velocities” should read “low phase velocities.” On the next to
last line in the same paragraph, “(284/7)?<«1” should read

“Bh/7)*>1.”

On page 50, column 1, the first line after the first equation in
the column, “b=i/2+it” should read “b=1/2+it” On the
next line, “0 < ¢ > oo™ should read “0 < ¢ < c0.” On the last line in
the same paragraph, “#=1" should read “#=1."
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Correction to “A Theoretical Basis for Microwave
and RF Field Effects on Excitable Cellular
Membranes™

CHARLES A. CAIN, MEMBER, IEEE

In the above paper,! the following corrections should be
made. At the top of page 145, 10 W /cm? should be 102 W /cm?,
194 kV/m should be 19.4 kV/m, 9.8 mV should be 0.98 mV,
and the duty cycle of 0.001 should be 0.0001.
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